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Abstract. We introduce and prove local Wegner estimates for continuous 
generalized Anderson Hamiltonians, where the single-site random variables 
are independent but not necessarily identically distributed. We use them to 
prove Minami's estimate for continuous Anderson Hamiltonians whose sin- 
gle site probability distribution has a bounded density and satisfy a simple 
covering condition. Eigenvalues statistics such as Poisson statistics and level 
spacings statistics follow for such continuous Anderson Hamiltonians, as well 
as simplicity of eigenvalues. As another application of local Wegner estimates, 
we show that the (differentiated) density of states exhibits the same Lifshitz 
tails upper bound as the integrated density of states. 



1. Introduction 

In this paper we introduce the new concept of local Wegner estimates for con- 
tinuous generalized Anderson Hamiltonians, where the single-site random variables 
are independent but not necessarily identically distributed. We prove several such 
local Wegner estimates, and apply them to prove Minami's estimate for continuous 
Anderson Hamiltonians whose single-site probability distribution has a bounded 
density and satisfy a simple covering condition, removing the requirements of a 
uniform-like probability distribution and a double covering condition from our orig- 
inal proof [CoGK2j . Eigenvalues statistics such as Poisson statistics [CoGK2| IGKll] 
and level spacings statistics ^GKll) follow for such continuous Anderson Hamiltoni- 
ans, as well as simplicity of eigenvalues |K1M1 [C"oGK2| . As another application of 
local Wegner estimates, we show that the (differentiated) density of states exhibits 
the same Lifshitz tails upper bound as the integrated density of states. 

We consider continuous generalized Anderson Hamiltonians, which are random 
Schrodinger operators on L^(R'*) of the type 

:= -A + Vr + K., (1.1) 

where: A is the d-dimensional Laplacian operator; Vper is a bounded gZ'^-periodic 
potential with q £ N; and V^. is an alloy-type random potential: 

Vcj{x) := ''^^ LOj Uj{x), with Uj{x) = u{x ~ j), (1-2) 

where the single site potential u is a nonnegative bounded measurable function on 
IR'' with compact support, uniformly bounded away from zero in a neighborhood of 
the origin, and u) = {tjJjljgzd is a family of independent (not necessarily identical) 
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random variables, such that, with iij denoting the probability distribution ol ujj, 
(J supp/^j C [M_, Af+] for some oo < M_ < M+ < oo. (1.3) 

Moreover, in this paper we always assume that fij has no atoms for all j £ . If 
the {u!j}j^id are also identically distributed, i.e., ~ /i for all j E Z'*, H^^ is the 
(usual) Anderson Hamiltonian. 

Given a finite Borel measure on M and s > 0, we let S,^{s) :— sup^^g '^([a, o, + s]), 
the concentration function of v, and set 

„ . X _ J \\p\\^ s ii V has a bounded density p , , 

Qu{s) :- j g^^^^^ otherwise " ^^'^^ 

Qi,{s) is continuous on [0, oo[ if and only if the measure v has no atoms, in which 
case lim,;o Qz.(s) = g^(0) = [HT]. 

The restriction of H^^ to a finite box has a finite number of eigenvalues in a 
given bounded interval / e R. Fluctuations of these eigenvalues due to the ran- 
dom variables {wjjjg^d play a crucial role in the understanding of the localization 
properties of H^^. When averaging over a single random variable, the fluctuations 
of the eigenvalues are controlled thanks to a spectral averaging principle: given a 
trace class operator S* > 0, we have |CoHl [C"oHK2j . 



[ir[^,Xi{Hl^'^)^oS]] < (tr5)Q^^.(|/|), (1.5) 

where H^'^ denotes the restriction of H^^ to A with periodic boundary condition. 
Averaging over all the random variables, the expectation of the number of eigenval- 
ues falling in an interval / is controlled thanks to the celebrated Wegner estimate 
[Wl [C3H1 [CrflKTl ICoHK2] : 

E {trxiiH(^^)} < KwQaQID |A| , (1.6) 

where 

Qa(s) := max Qp,.(s), (1.7) 

and the constant Kw depends on the parameters d,u,M±, and sup/. 

In this article we shall investigate the existence of local Wegner estimates of the 
form 

{trxi{Hi''^)u,} < KlwQa{\I\). (1.8) 

If we have a covering condition of the form X^jez'' Uj > C > 0, the Wegner estimate 
(|1.6p can be immediately derived from (|1.8p . 

If the random variables are identically distributed, under the above 

covering condition it is equivalent to investigate local and global Wegner estimates. 
Indeed, using the covariance property of the model, in this case there exist constants 
Ci and C2 so that for any j G A we have 

^¥.[trxi{Hl^^)} <^{trxi{Hl^^)u,] < ^E {trx/(i/(^))} • (1.9) 

Our main motivation for introducing this new concept of local Wegner estimates 
is to prove Minami's estimate for continuous Anderson Hamiltonians. To go beyond 
the results of [CoGKlj . we use local Wegner estimates for Anderson Hamiltonians 
where the single-site random variables are not identically distributed, i.e., for gen- 
eralized Anderson Hamiltonians as in Definition 12. II 
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2. Main results 

We write 

Ai(x):=x+[-f,f['' (2.1) 
for the (half open-half closed) box of side L > centered at a; €E R''. By we 
denote a box Al(x) for some x G W^. Given a box h. — Kl{x), we set A = A n Z*^. 
If S is a set, we write xb for its characteristic function. We set xi^'' '■— XAl(x)i 
with Xx '■— X^x^ The Lebesgue measure of a Borel set i? C K. wiU be denoted by 
\B\. By a constant we will always mean a finite constant. Constants such as Ca,b,... 
will be finite and depending only on the parameters or quantities a, &, . . .; they will 
be independent of other parameters or quantities in the equation. Note that Ca.b,... 
may stand for different constants in different sides of the same inequality. 

Before stating our results, we normalize a generalized Anderson Hamiltonian 
iJo; as follows. We first require inf ^g^d inf supp /x^ = 0, which can always be re- 
alized by changing the periodic potential V^pcr- Second, we set \\u\\^ = 1, which 
can achieved by rescaling the jjij. We then adjust Vper by adding a constant so 
inf a (—A -|- l^jer) = 0, in which case [0, EJ^ C a (—A -I- V^er) for some > 0. The 
result is a normalized generalized Anderson Hamiltonian as in the following defi- 
nition, equal to the original generalized Anderson Hamiltonian given in (jl.ip - (|1.2p 
plus a nonrandom constant. (In this paper the single site probability distributions 
have no atoms.) 

Definition 2.1. A normalized generalized Anderson Hamiltonian is a generalized 
Anderson Hamiltonian as in (|l.ip - (|1.2p . such that: 

(i) The free Hamiltonian Hq := — A-t-l/por has as the bottom of its spectrum: 

inf cr(i/o) = 0. (2.2) 

(ii) The single site potential u is a measurable function on with 

ll^lloo = 1 "''^d M-XAi_(o) < " < XAi^(o), where u^,S± e]0,oo[; (2.3) 
we set 

U+--^ EjezdUj <max{l,<5t}. (2.4) 

oo 

(iii) u) — {u)j}j^^d is a family of independent random variables, such that for 
all j G 1^ the probability distribution fj,j of ujj has no atoms and 

= inf inf supp/ij < M := sup supsupp/ij < oo. (2-5) 

If the {ujj}j^^d are identically distributed, i.e., fij ~ ^ for all j e 'L'^, H^^ is a 
normalized Anderson Hamiltonian, in which case fi is a probability measure with 
no atoms such that 

{0, A/} e supp^ C [0, Af], where M e]0,oo[. (2.6) 

Without loss of generality, we will always assume that a generalized Anderson 
Hamiltonian is a normalized generalized Anderson Hamiltonian. In particular, 
Anderson Hamiltonians will also be understood to be normalized. 

We will need generalized Anderson Hamiltonian's with more structure. We set 

T{jQ,K) := jQ + KU^, where joGT^ and if e N. (2.7) 
Note that for any j e Z'^ there exists f € r{jo,K) such that j ^ T{j',2K) C 

r(jo,/0- 
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Definition 2.2. A generalized Anderson Hamiltonian H^: has a spine if there exist 
jo G Z'' and K E N such that the random variables {<^j}jer(jo.K) o-f^ identically 
distributed. In this case we will call T = r(jo,if) a spine of order K for H^; and 
set := Mj for j e T. 

An Anderson Hamiltonian H^^ (in this language a generalized Anderson Hamil- 
tonian with a spine of order 1) is a gZ'^-ergodic family of random self-adjoint opera- 
tors. It follows from standard results (of. |KMlj ) that there exists fixed subsets E, 
Epp, Sac and Sgc of R so that the spectrum (j{H^) of H^, as well as its pure point, 
absolutely continuous, and singular continuous components, are equal to these fixed 
sets with probability one. With our normalization, the non-random spectrum S of 
an Anderson Hamitonian H^^ satisfies (cf. [KM2| ) 

a(i/o) CSC [0,oo[, (2.8) 

with infS = and [0,£'*] C S for some = £^*(X^por) > 0. Note that S = 
(t(-A) = [0,oo[ if 

A generalized Anderson Hamiltonian H^^ is not, in general, an ergodic family 
of random self-adjoint operators, so the above considerations do not apply, and its 
spectrum is a random set. But it follows from Definition 12.11 that 

<y{Ht^) C [0, oo[ with probability one. (2.9) 

Note furthermore that if the generalized Anderson Hamiltonian H,^ has a spine F 
of order K , then 

i/cjj, = i/o + VL;r where = {'^jl^gp ^^"^ '^^^vi^) '■^'^^^i "^ji^)^ (2-10) 

is a gifZ'^-ergodic family of random self-adjoint operators, and the above con- 
siderations for Anderson Hamiltonians apply. (iJ^Jr is exactly like an Anderson 
Hamiltonian, except that the single site potentials are located in KH^ instead of 

Let be a generalized Anderson Hamiltonian. Finite volume operators are 
defined for finite boxes A = Ai(jo), where jo £ Z'' and L E ^qN, L > 6+. Given 
such A, we will consider the random Schrodinger operator on L'^(A) given 

by the restriction of the generalized Anderson Hamiltonian H^^ to A with periodic 
boundary condition. To do so, we identify A with a torus in the usual way by 
identifying opposite edges, and define finite volume operators 

TJi'^) := + yi^) on L2(A). (2.11) 

The finite volume free Hamiltonian Hq'^^ is given by 

i/(^':=-A(^)+yp(,^) on L2(A), (2.12) 

where A''^^ is the Laplacian on A with periodic boundary condition and Vpcr is 
the restriction of Vpcr to A. The random potential V'i^'' is the restriction of V^(a) 
to A, where, given a; = {wi}- , we define u;^^' = I'-^i^^ \ by 

ujI^ = cj, if z e A, ujI^ = ' if fc - z e LZ"^. (2.13) 

Note that the random finite volume operator H^'^ is not covariant with respect to 
translations in the torus unless Hi^ is an Anderson Hamiltonian. 
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Given j S A, we set 



and rewrite vd^' as 



(A) 



(2.15) 

jeA 

We will often abuse the notation and just write uj and Xj instead of uj^'' and x^j^^ 
when working with finite volume operators. Note that 

^;^(^)(a;) = l for all a; G A. (2.16) 

When the covering condition (5- > 1 (see (|2.3p ) holds, we have 

J2u'f\x)>u^ for all x e A. (2.17) 

Given a finite Borel measure on M with no atoms and finite moments, and 
m > 1, we set (recall (|1.7p ) 

Qi"''>{s):=Q,„r.,{s), where di/('") (0 = (1 + I^DdKi)- (2-18) 

In particular, if supp i' C [0, Af] (cf. (|2.5p ) we have 

Q1,'"'(s) < (1 + Af)" Q,(s) for m > 1. (2.19) 

The finite Borel measure ly is said to be Holder continuous of order a g]0, 1] if 
there exists a constant Cj^.q such that 

QAs) <Ci',aS°' for all se[0,l]. (2.20) 

If in addition supp v C [0, M], it follows that also Holder continuous of order 

a for all m > 1: 

Q[,"^(s) <a,a,mS" with a,a,m < (1 + M)" . (2.21) 

If 1/ has a bounded density p (i.e., a = 1) and suppz^ C [0, M], then (|2.20p holds 
with Ci/^i = IIpIIoo. In this case, for all m > 1 the measure v^"^^ has a bounded 
density p(™)(i) = (1 + t"')p{t), and 



Qrns)< P^"^ s witrh p^™) < (1 + Af)"||p||^. (2.22) 

oo oo 

Let iJjj be a generalized Anderson Hamiltonian. If i? C M is a Borel set, we 
write Pi,^^(i?) Xb{hI^'') and Plj{B) :— xb{Huj) for the spectral projections. 
Let Eq > 0, I C [0, i?o] an interval, and consider a box A = Ai(jo), where L e 2qN, 
i > and jo G Z'^. If iJ^^ satisfies the covering condition (5_ > 1 (see (|2.3p ). we 
have the Wegner estimate |CoH[ ICoGK2] (see also (H^Hl) below) 

E{tTPi^\l)} <Kw{Eo)QAm\A\. (2.23) 

Without assuming the covering condition, a careful reading of |CoHK2| . as in 
|GKM| Appendix B], gives 



E 



{trP(^)(/)} < Kw{Eo)Q^r\\I\) |A| , (2.24) 
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where 

rud = min {2"; n G N, 2" > f } , (2.25) 

and 

Qt\s) := niaxg(,7)(s) < (1 + Af)"QA(|/|) for m > 1. (2.26) 

The constants Ky/{Ea) in (|2.23l) and (|2.24l) depend only on d, Vpor, '^+, they do 
not depend on the probabihty distributions /ij. 

If the generahzed Anderson Hamiltonian Hui has a spine T we set Q^^^ — Q^flr ^ ■ 
We now state our local Wegner estimates. We set [[|]] = [|J + 1, the smallest 
integer > |. 

Theorem 2.3. Let H^^ be a generalized Anderson Hamiltonian with S- > 1, and 
let A = AlUo), where L e 2qN, L > S+, and jo € Z'^. 

(i) Given Eq > 0, for all intervals I C [0,i?o] we have 

maxE{trP£^)(/)uf < ||^^-^||^,^u:^(l + i?o)[[^ll(l + log(l + Eo))Qa{\I\). 

(2.27) 

j4s a consequence, we have the Wegner estimate 



E 



{trP(^)(/)} < ||^^-^|j_,^«:^(l + i?o)"^ll(l + log(l + Eoj)QA{\I\) |A| . (2.28) 

(ii) Suppose the generalized Anderson Hamiltonian H^^ has a spine T of order 
K. Given rj €]0, |[, there exists Ei = Ei{ri,d,VpoT,S±,U-, fir, K) > 0, 
such that for all Eq e]0, Ei[, and intervals I C [0, Eq], we have 

maxE{trPi^)(/)«f^} <e-^>^^^''QA(|/|), (2.29) 



for L large (how large depending on Eo,d,Vpcr,S±,u^, fir, K,rj). 
(iii) Suppose the generalized Anderson Hamiltonian H^^ has a spine T of order 
K with a Holder continuous single-site probability distribution fxr of order 
a, and let L e 2qKN. Then there exists Ei = Ei(d,Vper,S±,u-, fir, K) > 
0, such that for all Eq g]0, Ei[, intervals I C [0, Eq], and rj s]0, 1[, we have 

maxE|trFi,^)(/)ufn fc^, f2a£;olog '—r-]] Qa(|/|) (2.30) 

< C,,^,£;;^'-^^Qa(|/|) (2.31) 

for L large (how large depending on d,Vpcr, S±,u-, fir, K ), where C,-, ~ 
Cd,Vp^,,s±.u-.K,Ei,'ri, C'^r = C'/tr,Q,md '^^ (|2.2ip with THd given in (|2.25p . 

and Cjj^^p = Cc;^Vpor,i5±,ti-,-fS',-Ei,/ir,»?- 

Part (i), namely (|2.27l) . gives a local version of of the Wegner estimates (|2.23p 
and (|2.26p . It is of the form given in (|1.8p . valid at all energies Eq with a constant 
Klw = Klw{Eq), but the constant does not get small as Eq I 0. To prove 
Minami's estimate (Theorem 12. 5p we need a local Wegner estimate valid for small 
Eq with limEoio KLwiEg) = 0. We provide two such estimates in parts (ii) and 
(iii). Part (ii) requires less hypotheses, and seems to provide a stronger result. But 
we believe that the energy interval [0, Ei] where the estimates hold is bigger in (iii). 
The proof of (ii) takes advantage of the Lifshitz tails estimate, and is thus valid 
in an energy interval at the bottom of the spectrum where we have Lifshitz tails. 
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The proof of (iii) uses dynamical localization estimates, and is valid in the energy 
interval where we can perform the bootstrap multiscale analysis of [GKlj . which 
in principle is larger than the region of Lifshitz tails. In addition, (j2.30p . unlike 
(|2.29l) . shows the explicit dependence of the constant on the single-site probability 
distribution fir- (This is the reason why we state (|2.30l) in addition to (|2.31l) .) Note 
that when fir has a bounded density p, as in Theorem 12.51 we have (recall (j2.22|) ) 

^Mr = i|p('"^^L<(i+Mr''iipiL- 

An Anderson Hamiltonian H^^ satisfies a Lifshitz tails estimate, which asserts 
that its integrated density of states (IDS) N{E) has exponential fall off as the 
energy E approaches the bottom of the spectrum. The finite volume operator 
has a compact resolvent, and hence its (w-dependent) spectrum consists of isolated 
eigenvalues with finite multiplicity. We recall that the integrated density of states 
(IDS) for is given, for a.e. £; G M, by (Al = Al(0)) 

N{E):= lira \ALr'trx]-o..E](HL''^^) for P-a.e. u;, (2.32) 

in the sense that the limit exists and is the same for P-a.e. uj (cf. [CLl iNl IPFj ). 
Recalling that with our normalization the bottom of the spectrum is at 0, the IDS 
satisfies the Lifshitz tails estimate (e.g., jKloli Corollary 2.2 and Remark 7.1]) 

limM^^ii^<_l (2.33) 
B4-0 log-B ~ 2 ^ ^ 

Equality is actually known to hold in (|2.33p . 

Since N{E) is an increasing function, it has a derivative n(E) := N'{E) > 
almost everywhere, the density of states. Note that by ergodicity with respect to 
qZ'^ we have 

N{E) = q-^^{tTX^^\]^oo,E]{H<^)Xo^}^ (2-34) 

and hence 

NiE')-NiE)<q-^E{trxl^\^E.E']iH^)Xo^} for E < E' . (2.35) 

As a consequence, if the single-site probability distribution fi has a bounded density 
p, and the local Wegner estimate (|1.8p holds for intervals / C [0,i?o], we conclude 
that 

n{E)<q-''KLw\\p\\^ for a.e. Ee[0,Eo]. (2.36) 

The following corollary, which provides an exponentially small bound for the 
density of states within the regime of Lifshitz tails, is an immediate corollary of 
Theorem dSlJii), using f^TI^ and 

Corollary 2.4. Let H^i he an Anderson Hamiltonian with 5- > 1, whose single- 
site probability distribution p, has a bounded density p. Then there exists a Borel 
set Af C [0, 1] of zero Lebesgue measure such that 

hm l0S|log"(^)l<_l (2.37) 
EiO- E^U logE 2 

The same Lifshitz tails estimate for the density of states holds for the discrete 
Anderson model [CoGK3) . 

We now turn to Minami's estimate, originally proved for the discrete Ander- 
son model in [Mj, and by the authors for the continuous Anderson Hamiltonian 
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[C0GK2) . The following theorem removes the requirements of a uniform-like prob- 
ability distribution and a double covering condition of }CoGK2[ Theorem 2.2], im- 
proving substantially on our previous result 

Theorem 2.5. Let H^^ be an Anderson Hamiltonian with 5- > 1, whose single- 
site probability distribution /i has a bounded density p. Then, there exists Eq = 
Eoi^d, Vpcr, S±,u^, l^i) > 0, such that for all intervals I C [0, E'o] boxes A = 
^lUo) with jo e Z'' and L G 2qN sufficiently large (how large depending on 
d,Vpej:-,S±TU^, fi) we have the Minami estimate 

E{(trP(^)(/)) (trP(^)(/) - 1)} < KmHIpW^ \I\ |A|)^ (2.38) 

with a constant Km = KM{d, u, V^por, (5+, M, Eq). 

Once we have the Minami estimate, in addition to the Wegner estimate and 
localization estimates, we can investigate statistical properties of the (properly 
rescaled) finite volume eigenvalues as we consider the thermodynamic limit. As a 
consequence, thanks to (|2.38p . we can prove Poisson statistics of eigenvalues and 
provide the limiting distribution of eigenvalues spacings for an Anderson Hamil- 
tonian with (5- > 1 whose single-site probability distribution p has a bounded 
density p, improving on, respectively, }CoGK2j and |GK11] . We shall describe these 
two applications below, in the particular case where the density of states exists and 
is strictly positive. 

We recall that such an Anderson Hamiltonian H^^ exhibits Anderson and dy- 
namical localization at the bottom of the spectrum. More precisely, there exists an 
energy Ei > such that [0, Ei] C 'Ep^, where 'Ep^ is the region of complete local- 
ization for the random operator H^^ , defined as the set of energies g M where we 
have the conclusions of the bootstrap multiscale analysis of IGKlj, which include 
Anderson and dynamical localization. (See |CoGK21 Appendix A] for a discussion 
of localization. Note that R \ S C in our definition.) 

The integrated density of states (IDS) N{E) for H^^ is a nondecreasing absolutely 
continuous function on M, the cumulative distribution function of the density of 
states measure, given by (recall ()2.34p ') 

riiB) q-'^EtT ^^Xo^ P^{B)xo^^ for a Borel set B cR. (2.39) 

In particular N{E) is differentiable a.e. with respect to Lebesgue measure, with 
n{E) := N'{E) > being the density of the measure ry, so n{E) > for 77-a.e. E. 
We let £ denote the set of energies E such that n{E) = N'{E) exists and 

hm ^(^ + ^)-^(^ + -)=n(i.). (2.40) 

t|-|-|s|-i.O t — S 

The set £ (obviously) contains the continuity points of n{E) and is of full Lebesgue 
measure jGKll] . 

Given an energy E £ Y. where IDS is differentiable at E with n{E) :— N'{E) > 0, 
we define a point process on the real line by the rescaled spectrum of the finite 
volume operator i/i,^^ near E: 

^eUb) ■■= #{J e N, n{E) |A| {E,{u;,A) - E) e B} (2.41) 

= tr {xB {n{E) |A| (i/i'^) - e))} = ti- {p^^^ [E + {n{E) \A\)-^B) } 
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for a Borel set B cS., where {Ej{u}, A)}^^^^ are the eigenvalues of the finite volume 
operator . 

For sake of simplicity, we restrict ourselves to the particular case where the 
density of states exists and is strictly positive (see the remark below Theorem 12.61 
for extensions). 

Theorem 2.6. Let H^^ be an Anderson Hamiltonian satisfying with > 1, whose 
single-site probability distribution ii has a hounded density p. Then there exists an 
energy Eq > 0, with [0,£^o[C S"-^^, such that: 

(i) With probability one, every eigenvalue of H^^ in [0,Eo[ is simple. 

(ii) For all energies E £ [0,Eo[ such that the IDS is differentiate at E with 
n{E) N'{E) > 0, the point process ^^j^^ converges weakly, as L oo, 
to the Poisson point process on M with intensity measure ve{B) := 
IE^_e(-B) = \B\, i.e., ve is the Lebesgue measure on the real line. 

(iii) Fix E e [0, £'o[n£ with n{E) > 0, let {/a}a sequence of suhintervals of 
[0,i?o[ such that limj^^jjd sup/A — 0. Assume that luwj^^i^d |A|"'^~''|/a| — 

oo for some S > 0, and that limA_j.Rd \i'f^^''\ ~ ^ if ^' = o{L). Then, with 
probability one, as A — M.'^, the empirical distribution function 



#{j £ N; E,iuj,A) eE + lA,n{E) |A|(^j+i(l^, A) - E,{uj,A)) > t} 

N{Ia) \A\ 

converges uniformly to the exponential distribution e^*. 



(2.42) 



Theorem 12.6^ 1) and (ii) improve on |CoGK2| Theorem 2.1]; there is no require- 
ment of a double covering condition and a uniform-like distribution. They are 
immediate consequences of Theorem [23] and |CoGK21 Theorem 2.3]. (Note that (i) 
follows immediately from Minami's estimate as shown in |KlMj .) Theorem 12.6^ 111) 
follows immediately from Theorem 12.51 and [GKIU, Theorem 1.5]. 

Statistics of eigenvalues can still be investigated when the density of states 
n{E) does not exist or is zero. In this case, one rescales eigenvalues through 
the IDS and study the so-called unfolded eigenvalues. In practice, it consists in 
replacing the quantities n{E){Ej{u:, A) ~ E) by {N{E^{u:,A)) - N{E)) in 
and n{E){Ej+i{uj,A ) - Ej{uj,A)) by N{Ej+i{uj, A)) - N{Ejiuj,A)) in (|2:42|) . see 
[GIOTllEH2l[ciRl2] . 

In addition to Theorem l2.61 one may also use the Minami estimate of Theorem l2.5l 
to investigate the joint eigenvalues/centers of localization statistics as in |GK11] . the 
asymptotic eigenvalue ergodicity as in |Klo2| , as well as statistics at spectral edges 
as in [ GK12j . Higher order Minami estimates as in [CoGKli Theorem 2.3] (discrete 
case) should also hold for continuous models, but the proof still seems to be out of 
reach. 



3. Proof of local Wegner estimates 
3.1. A simple Lemma. 

Lemma 3.1. Let H = Hq + W, where H,Hq are semi-hounded self-adjoint oper- 
ators, say H,Ho > —Q for some Q > 0, such that {H + + 1) ^ is a trace class 
operator for some p > 0, and W is a bounded self-adjoint operator. Let Eq e R. 
Let /, h he hounded Borel measurable nonnegative functions with compact support 
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such that f — X(-oc.Eo]f J h = X[Ea.ca)h, and Hoh{Ho) is a bounded operator. Then 
f(H)Wh(Ho) is trace class and 

lYf{H)Wh{Ho)<0. (3.1) 

In particular, if /, g are bounded Borel measurable nonnegative functions such that 
f = X(-oo,Ea]f and X{-oo,Eo] < .9 < 1; wc have f{H)W and f{H)Wg{Ho) trace 
class, and 

trfiH)W<tYf{H)Wg{Ho). (3.2) 
Note that W does not need to be positive. 

Proof. Let /, h be as above, note that f{H) is trace class. Then, as W — H — Hq, 
we have 

tr f{H)Wh{Ho) = tr f{H)Hh{Ho) - tv f{H)Hoh{Ho), (3.3) 
where both f{H)Hh{Ho) and f{H)Hoh(Ho) are trace class operators. Moreover, 
iYf{H)Hh{Ho) < Eotvf{H)h{Ho), (3.4) 
trf{H)Hoh{Ho) > EotTf{H)h{Ho), (3.5) 

so (|3.1|) follows. 

Now let f,g be as above. Let also Xn — X(-oo,n]- Then, using (|3.ip . 
ti- fiH)W^ lim tr f{H)Wxn{Ha) 

n—>-oo 

= trf{H)Wg{Ho) + lim tv f{H)Wxn{Ho) (1 - g{Ho)) (3.6) 

n— >-oo 

<trf{H)Wg{Ho). □ 

3.2. Norms on random operators. Given p € [1, oo), Tp will denote the Banach 

space of bounded operators S on L^(IR'', da;) with ||S'||rp = ll'S'llp := (tr 151^)^ < oo. 
A random operator is a strongly measurable map from the probability space 
(ri,P) to bounded operators on L^(R'^,dx). Given p £ [l,oo), we set 

\\\\Su\\\\p:={^{\\S^rp}}^ = l|ll^-llrJ|LP(a,P), (3-7) 

and 

IIII^JIIIoc:=llll^JlllL==(n,P)- (3-8) 
These are norms on random operators, note that 

\\\\SJ\\^<\\\\SJ\\^\\\\SJ\\I forl<p<9<oo, (3.9) 
and they satisfy Holder's inequality: 

\\\\S^TJ\1 < WWSJW^ IIIT^IIII^ for r,p,qe [l,oo] with ^ = i + i. (3.10) 

3.3. Proof of Theorem 

Proof. Let H^, be a generalized Anderson Hamiltonian satisfying the covering con- 
dition 5- > 1 (see (|2.3p ). and consider a box A = Al, where L G 2qN, L > d+. 
Let Eq > 0, I C [0, Eo] an interval. Let 5 be a bounded Borel measurable function 
such that X(-oo,_Eo] < 5 < 1- Given j G Z"*, we let Ljf = '^"t^ 
u) = {u)j-,ujj), and consider the random Schrodinger operator H^± = H^^ — ojjUj. 
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To simplify the notation, we will write Uk and Xfc for u\!^^ and Xk^\ ^-nd set 

— ul^'Xk < uZ^Xk for kel (recall (US]) and > 1), (3.11) 
P = Fi,^)(/):=X/(i?i^^), (3.12) 



^ pI^MD ■■= 9{H'S/): where jeA and H'')^ = H^J'> - cOjU, . (3.13) 



r(A) 



(A) „ rr(A) 



Given j G A, it follows from Lemma [3. 1[ using (|2.16p . that 

trPuj < tiPujPj = PujPjXk = } ^ tru^Pufui^ PjXk 

keA k£A 

El 1 
ti u^Pu^Tj,k, 

fceA 



(3.14) 



where 

It follows that 
E{tr Puj} 



Pul 



^ E \\\Hp^iPs,k 



(3.15) 
(3.16) 



keA 



<T.\\Hp 



PujTj^kWW < ( max 



fceA 



and hence 



We have 



max 

rGA 



Pu? 



l2 \reA 



Pul 



fceA 



< max Pu J To k 

2 jgA _ III! 

fceA 



(3.17) 



PulTj,k 



= E {tr {Pu]T,,kT*,u]p]] = E {tr {u^ Pt^T,^kT*^} (3.18) 



where we used the basic spectral averaging estimate (|1.5p (note that Tj^k does not 
depend on ujj). It follows that 



maxE{trPMr} < Qa{\I\) max V ||||rjfc||li2 
reA \ ,gA 



To prove (i), we use (|3.9p with 



\Tj,k\\\\i < 



to conclude that 



^-1 



^"1 



< maxE < tr PjW,. > , 
reA J 



(3.19) 



(3.20) 



maxE{trPMr} < uZ^Qa{\I\) i niaxE|trPjMfe| 

■reA \ j,fceA 



fceA 



(3.21) 
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If the function g in p.l3|) satisfies g{E) — for E > Ei > Eq, it follows from the 
usual trace estimate for Schrodinger operators (e.g., jGKSi Lemma A. 4]) that 

trPjUfe < C^ll^-^^ll ,5^(1 + £;i)[[^ll for all j,keA and ^^[0,00^", (3.22) 

where denotes the negative part of Vpor and [[|]] is the smallest integer > j. 
We now take g{E) = go{E ~ Eq), where go £ C°°( R), < go < 1, go{E) = 1 for 
-E < 0, and goiE) = for £' > 1. We now apply }GK21 Theorem 2], concluding 
that that for all n G N, j, fc e A, and uj E [0, oop we have 



Tj, fell < u_ 



< u_ 



. ^ -i l + log(l + go) 

^^d,\\V-^4,5^,n^- + fc))" 



11 '-11 ■ ^^_L -r UAV 

(3.23) 

where d\{ , ) is the distance on the torus A = A^: 

dlv{y-,y')= min \y - v' + r\ for y,y' e K. (3.24) 

(Note that the resuhs in |GK2) are valid on the torus with the appropriate modifi- 
cations, the main one being the use of the distance on the torus.) Taking n = 2c?+2, 
and using 

^ (1 + dA(j, fc))"(''+') < ^ (1 + |fc|)"^'^+'^ < oo for all j e A, (3.25) 
fceA kezd 

we conclude that 

2 



(max^||||T,-fe||||0 



< C<i,||y-„..||,5+"-'(l + log(l + Eo)). (3.26) 

It now follows from ((3?2T1) . ([3^ . and ((3?26)) that 

maxE{trPMj <C^ I|^- J, , (l + £;o)[[^Il(l + log(l + So))M:^gA(|/|), (3.27) 

rGA ' 

which is p.27p . The Wegner estimate (j2.28p is an immediate consequence of (|2.27p 
and (|2.17p . This finishes the proof of (i). 

Now suppose that the generalized Anderson Hamiltonian H^^ has a spine T of 
order K. For any j e 1/^ there exists a spine Tj C F of order 2K with j ^ Fj, and 
we can write 

=H^r + K;^Wr. ' ^^ere < K;^W := K;^ - K,r. < U+. (3.28) 

J J J ^ J J ^ J J J 

We take the function g in ((3l3)) so < g < 1, g{E) = 1 for S < Eq, g{E) = for 

E > E*; where E* > Eq will be later chosen appropriately. We have (writing H^± 

j 

for H^^}, etc.) 

J 

tr |PjWfe| < e'^* tr |e~*^"j^Ufc| < e*^' tr |e"*^"r^ itfej for t > 0, (3.29) 

where we used (|3.28p and and the positivity preserving property as in [BoGKSl 
Lemma 2.2]. Setting 

P^,^ ([0, E]) := xio,E] {HLf ) = X]-oo,E] (i^i^p^. ), (3.30) 
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we get, again using the positivity preserving property as in [BoGKSl Lemma 2.2], 
and requiring t > 2, that for all E > we have 

tr {e^*"""-. Uk}<tT [P^,^ ([0, E])uk} + e-^^ tr |c"^''"-. u^} 

< tr {P^,^ ([0, E])uk} + e-5^ tr {e-^^°Ufe} (3.31) 

< tr [Pu^^^ilO, E])uk} + e'^"" tr {e-"°uk} 
<tr[p^^^i[0,E])uk]+Cd 



Since Tj is a spine of order 2K and L £ 2qKN, the random operator hI^\ is 
covariant in the torus A, and we have 

E{tr{p^,/[0,ii;]K}} = — - K^r^{t^{Pu.r^{[0,E])Ur}} 

- nff^^^"^^ {trP^,^([0,i?])} (3.32) 

for all > 0. Combining dS^H), (I53T|) . and ((X^ we get 

E{tr{p,?/fc}} < Q^yp„,5^^Ke*^' (lAr'E^^^. {tr P,,^ ([0, £;])}+ c-^^) . 

(3.33) 

To prove (ii), we take Eo e]0, i], fix E* = 2Eq, and require g G C°°(]R) with 
|g(-')(£;)| < CPq"-' for all £; e R and j = 1, 2, . . . , 2d + 4, where C is a constant 
independent of E. Appplying |GK21 Theorem 2] as in p.23p . we get 

||T„fc|| < C^,,||y-„||^,^«:^i?o"''-'(l + c^A(J•,fc))-2''-^ (3.34) 

and conclude, similarly to p.26p 

axElil^x^-lllli <C,^\\y-^^\\^,^u-jE^'"'-\ (3.35) 
fceA / 

Thus, it follows from (jX^ and (1535]) that 



maxE{trPMj < C. n^- n . uj' E^'^'^-^Qt~^{\I\) \ maxE|trPjMfc| ) . (3.36) 

rGA 'II ""11' + \j,fe6A ^ J J 

Note that if^jT- would be an Anderson Hamiltonian but for the fact that the 
random potential is located on Tj instead of Z'^. All the results for Anderson 
Hamiltonians apply to H^^ , with the obvious modifications. H,^^ is a 2qKZ'^- 
ergodic family of random self-adjoint operators. It has an integrated density of 
states Nr^iE), defined similarly to (|2.32[) . a continuous function in view of the 
Wegner estimate (PTMl) . It follows from (lO^ that for all e M there exists L{E) 
such that for all boxes A ~ A^ with L > L{E) we have 

lAf^E (tr X]-oo,E] f^irO) ^ 2A^r,(i?). (3.37) 
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Ntj [E) satisfies the Lifshitz tails estimate p.33p . so it follows that given 77 e]0, \] 
there exists E*{rj) > such that 

N{E) <e-^'^*'' for all E e [0, E* (jj)]. (3.38) 

We conclude that 

|Air^E(tr X]-oo,E] [Hi'lf)) <2e-'^'^^'' ioT E e [0,E*{rj)l L>L{E). 

(3.39) 

In particular, requiring SE'o < E*{rj) and L > L{8Eq), it follows from p.33p with 
E* = 2Eo and E = 8E0, (|337l) . and ([3381) . that 

E{tr{p,^,}} < Q,^.^„,,,,Ke2*^° i^e-^SEori^^ +^-^tEo^ . (3.40) 
We now choose i by (t > 2 since Eq < ^) 

^_(8B,)-f+'' ^^-4tiJo^ i.e., t=i(8i?o)-'-^+\ (3.41) 

getting 

E{tr [PjUk}} < 2Cd,y,„,5+,Ke2*^°e-**^° = 2Cd,v,„,s+,K e'^'''° (3.42) 
= 2Cd,Vp„,5+,i<'e 2^ 

Thus, if 8£;o < E*{f]) and i > L{8Eq) it follows fromdHSSl) and (|02l) that 

maxE{trPuJ < u:^QA(|/|)£;o-2'^-3e-^(8^°)"'^". (3.43) 

rGA 

It follows that there is E^{rj) — E^{ri, d,Vpci, S+,u^, K, fir) > such that for 
Eq < Ei^fj) and L > L{8Eq) we get 

maxE{trFu4 < e~-^o ^^"gAd/D for Ic[0,Eo], (3.44) 

which is (j2.29l) . Thus (ii) is proven. 

To prove (iii), we also assume that fir is Holder continuous, so (j2.24|) and (|2.26p 
yield a Wegner estimate that allows the performance of the bootstrap multiscale 
analysis |GK1| IKlj for the random Schrodinger operator H^i^ , and hence for H^^± 
by treating V^.±\^ in p. 281) as a fixed nonnegative uniformly bounded background 
potential as in |GK4| . The 'a priori' finite volume estimate required for starting 
the multiscale analysis is given by |GK41 Proposition 4.3]. It follows that there 
exists El > such that we can perform a bootstrap multiscale analysis for H^^± 

(using only the random variables u)r ), the constants being uniform in j G Z"*. 
In particular, taking < Eq < Ei, g — X]-oo,£;o] particular, E* — Eg), so 
Pj — X]-oa,Eo]{Hi^^), we conclude that (this follows from the multiscale analysis 
as in jGKH IKlj , see also ^ ; the argument holds in finite volume) for L large (how 
large depending on d, Vpcr, u_, /ir, K) 



T,^k\\h<uJ XAs_U)PjXk ^<Cd,v^^^,s±,u^e-V^^ for j, fc G A. (3.45) 
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In particular, give s > 0, we have 



Since we also have 



< u_ 



= u_ 



{¥.[trP,u,])\ (3.47) 



it follows from ((XTOl) . ([gTiS)) . ([XIS)) . and ([CTZl . that for any 77 e]0, 1[ we have 

(3.48) 



maxE{trPur} < Cd.yp^,,^^ Qa(|^|) maxE < tr PjUj > 

rSA ■ I 1 1^ J 



We now consider energies < E2 < E3; we will fix i?3 later. It follows from 
((333| with E* ^ Eo , E ^ E2, and t = that 



+ e 2i5o 



(3.49) 



E|tr{p,ufc}} < C<j,yp„,5^,if (|A| 'e^,^. {trP^^^.([0,£;2])} 

Using (p:^ and t^TH) . we get 

E {tr {P^,^ ([0,P2])}} < C£3Q["'')(P2) < CE,C^,^o.,n,E^, (3.50) 

the constant depending only on d, Vpcr, 5+, u±, iiT and on P3. Combining p.49p 
and (|3.50l) we get 



E 



{tr{p,w,}}<Ci [C,,E^ 



e ^-^0 



with a constant Ci = Cd,Vp„,,5_^,„±,K,£;i,£;3 and C^^ = C^r.^^m^. 
Let /3(s) be defined on [0, oo[ by /3(0) = and 



Cpr ij3is)r = e-— for s > 0. 



In particular, 



1, i.e., ^rr-e2 



2as 



If 



we have 



> 3, i.e., 6asC^r ^ Ij 



< log (2asC-^ 



i.e., /3(s) < 2aslog (2asC^^^ 



We now choose P2 = P{Eo) and £^3 = (5{Ei), and require 

-1' 



Po<Pi=min|Pi,(^6aC^"p 
It follows from (f33T|) and ([335]) that 

E 



; (tr {P,u, 1 1 < 2CiC^, ( 2aSo log ^ ) 



(3.51) 

(3.52) 

(3.53) 
(3.54) 
(3.55) 

(3.56) 
(3.57) 



The estimate (|2.30p follows immediately from p.48p and p.57p . This proves 
(iii). □ 
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4. Proof of Minami's estimate 



Proof of Theorem ] 2. 5i We start with a preliminary remark. Given S > small, we 
pick a nonincreasing function h E C°°{M.), such that h{t) = 1 for t < and h{t) = 
for t > S. Note that < h < 1, h' < 0, supp/i' C [0,6], J^dth'{t) = -1, and 
we can choose h so \h'\ < |. Given c e E, we set hc{t) = h{t — c), and note that 
hc-s l£ X]-oo.c] ^ ^c- Let us consider / —]a, b] C [0, oo[, and write Is ~]a — S,b + 6]. 
As shown in |CoGK21 Eqs. (5.3)-(5.4)], for ah j e A we have 

trP(^'(/)<CK)+trP^i_,) (/.) 

where, for any r > M (recall (|2.6[> ). 



(4.1) 



tr hh 



r(A) 

^ 7 



It follows that for all t > M we have 
E 



is tr { V^^^l,.^.,) Qb, b + 6]) V^} 



(4.2) 



< frE^ar 



{u.pt^) i]b,b + S])} 



(4.3) 



where a;' = {u'^^^^id are independent random variables such that = uj^ for 
k ^ j, and is uniformly distributed on the interval [0,t]. Noting that iJ^^/ is a 
generalized Anderson Hamiltonian with a spine T of order 2 and /xr = /i, we apply 
Theorem 12. Bf iii) to conclude that there exists Ei > (independent of r), such that 
iib + 6 < Eq < Eiwe have (note 1 < M and recall ([2:22|) ) 



{CK^)} 



Pfllog 



2 p'^d) 



(max{||HL,i})-5 
(4.4) 



<2Cr||p|| 



Enlog 



2 p(" 



where the constant C does not depend on either Eq, t, or fi. Thus, we can choose 
Eq e]0. El] such that if b + 5 < Eq we have 



E,. 



{d^ri'^f)} < 1 foi- all T e [Af, 2A/] 



(4.5) 



Note also that it follows from Theorem 12.3( 1) . and recalling that 1/AI < ]\p]\ 
that 

r2M 



J_ 

M 



E, 



M 



dr<C||H|^|/^||A|, (4.6) 

whereC = C^||^,^-^||^5^„_^^^. 

Now let us fix iJo > as above, and consider / =]a, 6] C [Q,Eq[. We recall that 
it follows from [CoHl IGoHK2] . as discussed in |GoGK2l Eqs. (4.1)-(4.5)], that 



(4.7) 
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with 



max 

j6A 



{tr^f)}<Q2, (4.8) 



where Qi,Q2 are constants dependmg only on EQ,d,u,Vpci-, M . If ti P^^\l) > 1 
and 5 > 0, it follows that 

(trP(^)(/)) (trP(^)(/) - l) < gi5]tr{yTZ-p(^)(/)VII-5f )} (trP(A)(/) - l) . 

(4.9) 

Thus, using (|4.ip . we get 

(tr^n/)) (tre)(/)-l) <QiE{(t^-{>7^^H^)V^^f^})*i^.^K)} 

jeA 

(4.10) 

for all T > M, where for each j E A 

<\u;,^) := (ii^iu^f) - l) + tri^^^l^^^ (/,) (4.11) 

is independent of the random variable luj. If tr P^^\l) < 1 , we have P^\l) = 0, 
and hence we also have ()4.10p . 

Thus, if r e [M, 2A/], taking the expectation in KTU\i . using p3]) . and 
(|43)) . we get 



E{(trP(^)(/)) (trP(^)(/) - l)} < IIpIL \I\T.^u.f {CK^)} (4-12) 

jeA 

< Q1Q2 \\p\\^ \i\Y.^^t {^'P!!^lr) (^^-)} • 

Since this holds for all r G [M, 2 M] , it follows from that 

E { (trP(^)(/)) (tr P(^)(/) - 1) } < hm ||p|L 1^1 |A| IIpIIoo I^^I |A|) 

^Km{\\p\\^\I\\A\)\ (4.13) 
where Km = CQ1Q2 depends on d, m, V^pcr, <5+, A/, Eq. □ 
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